Abstract. We study how a smashing Bousfield localization behaves under various equivariant functors. We show that the Real Johnson-Wilson theories E R (n) do not determine smashing localizations except when n = 0, and we establish a version of the chromatic convergence theorem for the L E R (n) -chromatic tower. For G = C p n , we construct equivariant Johnson-Wilson theories E(J ) corresponding to thick tensor ideals J in G-spectra so that the E(J ) do determine smashing localizations. We show that induced localizations upgrade the available norms for an N∞-algebra, and we determine which new norms appear.
Introduction
Bousfield localization is one of the most important techniques in algebraic topology. It allows one to focus on only the information that can be detected by a given homology theory. This approach has simplified many computations and underpins the modern conceptual descriptions of a wide range of phenomena in stable homotopy theory.
Bousfield localization has proven to be just as crucial in equivariant homotopy theory. In [8] , Hill studies whether certain chromatic Bousfield localizations preserve commutative ring spectra in the equivariant context. Just as in the nonequivariant context, certain Bousfield localization functors preserve homotopy colimits and are therefore determined by where they send the sphere spectrum. These localizations -called smashing localizations -are given by the formula L(X) ≃ L(S 0 ) ∧ X for any spectrum X. It is a fundamental fact in chromatic homotopy theory that the Bousfield localization functors at the Johnson-Wilson spectra E(n) are all smashing [16] .
In this paper, we study in general how Bousfield localization functors in the equivariant context behave under various change of group functors, most of which send smashing localizations to smashing localizations. The exceptional case is that of the induction functor
for a subgroup H ⊂ G. We give a necessary and sufficient condition for a smashing localization to be preserved by induction. When G = C 2 , the Johnson-Wilson spectra have Real analogues E R (n), and using our analysis of induced localizations, we show that these spectra do not determine smashing Bousfield localizations, except when n = 0. We give a concrete description of these localization functors
but then E ∧ Z ≃ * , hence f is null.
Definition 2.6. For E ∈ Sp G , let L E denote the corresponding Bousfield localization functor. We say that L E is a smashing localization or that E is a smashing spectrum if the natural map
is an equivalence for all X ∈ Sp G .
Recall that Bousfield localization at E determines for each X ∈ Sp G a cofiber sequence
with Z E (X) ∈ Z E and L E (X) ∈ L E , which is unique up to homotopy with respect to these properties.
Proposition 2.7. The following characterizations of smashing localizations are equivalent:
(1) L E is smashing.
(2) L E is closed under homotopy colimits. (3) L E is closed under arbitrary coproducts. (4) L E is a smash ideal. That is
is an equivalence.
Proof. For 1 ⇐⇒ 2 ⇐⇒ 3 see [14] . We show 1 =⇒ 4 =⇒ 5 =⇒ 6 =⇒ 1: If L E is smashing, then if X ∈ L E and Y ∈ Sp
If L E is a smash ideal, R ∈ L E is a ring spectrum, and M is an R-module, then M is a retract of R ∧ M , which must be local, and L E is closed under retracts. (6) . We refer the reader to [1] for 1 ⇐⇒ 7 ⇐⇒ 8 ⇐⇒ 9.
Throughout this paper, we will prefer characterizations (6) and (8), as they tend to make proofs more direct. Characterizations (7) − (9) were studied in a more general setting by Balmer and Favi in [1] , and we recall here some of their definitions and results. 2) Let (T , ⊗, 1) be a tensor-triangulated (tt-) category (e.g. Ho(Sp G )). We say that a distinguished triangle in T of the form
is an idempotent triangle if it satisfies any of the following equivalent conditions:
The relationship between idempotent triangles and smashing localizations is as follows.
Definition 2.9. [1] Let T be a tt-category and J ⊂ T a thick tensor ideal. We define
We say that J is a Bousfield ideal if for every t ∈ T , there exists a distinguished triangle e t → t → f t → Σf t such that e t ∈ J and f t ∈ J ⊥ . We say that J is a smashing ideal if J ⊥ is a tensor ideal. 
and therefore corresponds to the smashing localization L f . Indeed f is a ring spectrum via the isomorphism f ⊗ f ∼ = f , so f is f -local, and the map
Proof. It is shown in [1] that the tensor product gives the product in the category of left idempotents, and the tensor product gives the coproduct in the category of left idempotents. It follows from Theorem 2.10 then that the poset of smashing ideals in Sp G has meets and joins, and if E, F are smashing G-spectra, these correspond to E ∨ F and E ∧ F respectively.
Bousfield Localizations and Change of Group
In this section, we start with a G-spectrum E and explore the Bousfield localization functors associated to the spectrum F (E) along various change of group functors F . We explore whether F (E) is smashing, assuming that E is smashing.
3.1. The General Case. We first say as much as we can about the behavior of localization functors along change of group functors F without assuming the localizations are smashing. 
Proof. i * and i G H are strong monoidal, hence the map i * X → i * L E (X) becomes an equivalence after smashing with i * E, and i
hence it suffices to show that Z G ∈ Z E . But we have
From Proposition 2.2, it is not difficult in general to characterize the acyclics for F (E) in terms of the acyclics for E, where F is one of our change of group functors above. Characterizing the locals of F (E) in terms of the locals of E is much more difficult. For restriction and induction, however, we can give a simple necessary and sufficient condition.
H is a summand of 0.
Definition 3.4. Let H ⊂ G, then we let F H be the family of subgroups of G that are subconjugate to H -that is, F H is the smallest family of subgroups of G containing H. We say a G-spectrum X is H-cofree if the canonical map
is an equivalence, where F (−, −) denotes the internal function spectrum in Sp G , and EF H is the universal G-space for the family F H . We simply say cofree when H = {e}.
becomes an equivalence after smashing with
It follows that Z ∧ EF H + ≃ * , and therefore this group vanishes. Indeed, if we let
then T is a localizing subcategory of Sp G , and EF H + is in the localizing subcategory generated by {G/K + : K ∈ F H }, so it suffices to show that
spectra is an equivalence if and only if
Proof. In general, a map between E-locals is an equivalence if and only if it becomes an equivalence after smashing with E. Letting E = G/H + gives the result.
is an equivalence, and by Corollary 3.6, it suffices to show that i
The following are easy consequences of the double coset formula for i
-local if and only if X is H-cofree and i
g E are the Weyl conjugates of E.
The Smashing Case. We now discuss how smashing localizations behave under change of group functors. We first recall the following variant of the norm functor
Hn . We will also need the following description of how geometric fixed points interact with the norm.
Proposition 3.11 ([8, Proposition B.209]). For any K, H ⊂ G, and for any E ∈ Sp
H , the diagonal gives an equivalence of spectra
Let H ⊂ G be a subgroup. Smashing localizations are preserved by the following change of group functors:
Proof. In all cases, we have a smashing spectrum E and therefore a right idempotent
If F is one of the functors listed, it is strong monoidal, and hence we have a right idempotent
). This determines a smashing localization and it therefore remains to show that
For (2), it is easy to check from the double coset formula and the Frobenius relation
by applying case (3). For (5), Proposition 3.11 gives
again by applying case (3). For (6), if T = G/H, the result follows by combining cases (2) and (5), and the general case follows from Corollary 2.12. The final remark follows from the localizations being smashing, as then the condition may be checked on the sphere spectrum.
Remark 3.13. We needed to assume E is smashing in Proposition 3.12 to establish that
whereas with i
G H and i * , we could exploit the existence of a left adjoint to get around this assumption. In fact, it is not necessarily true that
0 , then the left hand side is a point, and the right hand is (S 0 ) tC2 . This example also shows us that the converse to case (3) of Proposition 3.12 is not true -i.e. we cannot detect whether E is smashing just by knowing that Φ H E is smashing for all H ⊂ G.
Corollary 3.14. We have the following characterizations of local objects for smashing localizations:
is an equivalence, but since the Φ H 's jointly detect weak equivalences, this is true iff
is an equivalence for all H, i.e. Φ H (X) is Φ H (E)-local for all H. The rest are immediate consequences of (1).
The norm is unique among the above functors in that it does not in general preserve cofiber sequences. However, we have the following interesting corollary of Proposition 3.12:
Proof. By Corollary 2.11, every idempotent triangle in Sp H is of the form
We will show that the sequence
is equivalent to the idempotent cofiber sequence
sends the zero map to the zero map. Therefore the composite
) is null, and so we have a commutative diagram
To show that f is an equivalence, it suffices to show that Φ K (f ) is an equivalence for all K ⊂ G, but if we apply Φ K (−) to the whole diagram, this follows immediately from the fact that the top row becomes a cofiber sequence, and the two righthand vertical maps remain equivalences. To see that the top row becomes a cofiber sequence, note that after applying Φ K (−) it can be identified with the sequence
by Proposition 3.11, where we have used that G is abelian so that K g = K. By Proposition 3.12, this may be further identified with
By Corollary 2.12, this is the idempotent cofiber sequence associated to Z Φ K∩H (E) , as 
which is not a distinguished triangle in Sp G unless H = G or e ≃ * . We have only shown that, when G is abelian,
is a cofiber sequence, and in particular the first two morphisms in an idempotent triangle.
We now give a counterexample to the above claim in the general case when G is not necessarily abelian. 
≃ẼP, where the latter is the universal K-space for the family of proper subgroups of K. This by definition implies Φ
K (L G+∧H E (S 0 )) ≃ * . Conversely, suppose Φ K (L G+∧H E (S 0 )) ≃ * for all K / ∈ F H and i G H (G + ∧ H E) is smashing.
To show L G+∧H E is smashing, it suffices to show that L G+∧H E is closed under arbitrary coproducts (characterization (3) of Proposition 2.7). We note first that if
It suffices to show this map is an equivalence, and it becomes an equivalence after applying Φ K for all K / ∈ F H since it is the identity map of a point, up to equivalence.
This is an equivalence as i
Corollary 3.19. If H ⊂ G is normal, and E ∈ Sp
H is smashing, then
Proof. This follows immediately from the previous proposition along with the observation that
is a smashing Bousfield class by Corollary 2.12 since E g is smashing for all g.
When H ⊂ G is normal, we arrive at a somewhat explicit formula for an induced localization, which we can interpret as follows: induced smashing localizations are smashing after cofree completion. When H = {e}, this can be further related to the corresponding trivial localization.
Proposition 3.20. If H ⊂ G is normal, E ∈ Sp
H is smashing, and
is smashing, and the target is easily seen to be G + ∧ H E-local from Proposition 3.7.
Proposition 3.21. Let E ∈ Sp be any spectrum, and
clearly becomes an equivalence after smashing with G + ∧ E, and the target is local by Proposition 3.7.
Corollary 3.22. Let E ∈ Sp be a smashing spectrum, and 
Corollary 3.24. Let E ∈ Sp be a smashing spectrum, then G + ∧ E is smashing if and only if
ϕ H (L E (S 0 )) ≃ * for all nontrivial subgroups H ⊂ G. Proof. G + ∧ E is smashing iff Φ H (L G+∧E (S 0 )) ≃ * for all nontrivial subgroups H, but Φ H (L G+∧E (S 0 )) ≃ Φ H (F (EG + , i * L E (S 0 ))) ≃ Φ H (F (EH + , i * L E (S 0 ))) = ϕ H (L E (S 0 ))
Corollary 3.25. Let E = E(n) at the prime p, then for all G such that p divides |G|, G + ∧ E is smashing if and only if
However, we know from [11] that this Tate spectrum is not contractible.
We end this section with an example illustrating the necessity of the normality conditions in Corollary 3.19 and Proposition 3.20. It shows that if E ∈ Sp H , then E and i G H (G + ∧ H E) are not always Bousfield equivalent, and E being smashing does not always guarantee that i 
Proof. We have (13)(24), (12)(34), (14)(23), (1234), (1432) , (13), (24) (13)(24), (12)(34), (14)(23), (1342), (1243), (14), (23)
Therefore we have
, and hence i (12) D8 V4
is the universal V 4 -spaceẼF (14) (23) . Therefore we may write
We now assume for the sake of contradiction that this D 8 -spectrum is smashing, and therefore any restriction of it is smashing, hence we restrict to (1234) ∼ = C 4 to get a smashing C 4 -spectrum
One checks that
NowẼC 2 is a smashing C 2 -spectrum, and so by Corollary 3.19, C 4+ ∧ C2Ẽ C 2 is a smashing C 4 -spectrum if and only if
and the proof of Proposition 3.20 shows that L C4 + ∧C 2Ẽ C2 (S 0 ) = F (EP + ,ẼC 4 ). Letting q : C 4 → C 2 be the quotient map, using the fact that the composite functor
is a symmetric monoidal equivalence of categories, we havẽ
Applying Φ C4 to both sides, we have
which is, in particular, not a contractible spectrum.
Consequences for Real Chromatic Spectra

Smash Product and Chromatic Convergence Theorems.
The results of Section 3 can be used to show that many of the classical theorems in chromatic homotopy hold in Real-chromatic homotopy only up to cofreeness. The results in this section were the questions that prompted this paper.
Proof. It is shown in [10] 
and now the result follows from Corollary 3.22.
That is, the Real-Chromatic tower converges to the cofree part of a finite C 2 kspectrum.
Proof. The category of cofree C 2 k -spectra is stable under homotopy limits, hence there exists a unique up to homotopy vertical map making the above diagram commute. As a map between cofree C 2 k -spectra, it is an equivalence if and only if it induces an underlying equivalence. The underlying map is an equivalence by the nonequivariant chromatic convergence theorem (see [16] ).
4.2.
Smashing C p n -Spectra. In light of Theorem 4.1, a natural question from here is then if the E R (n) are not smashing, can we construct equivariant spectra analogous to the E(n) that are smashing? Said another way, every thick tensor ideal in Sp c is simply the collection of finite acyclics of one of the E(n)'s, so we may ask if a similar statement is true for (Sp G ) c , and we can give a positive answer when G = C p n . The following theorem was proven in the case n = 1 by Balmer and Sanders [2] , and for n > 1 by Barthel, Hausmann, Naumann, Nikolaus, Noel, and Stapleton [3] .
Theorem 4.3. [2],[3] The thick tensor ideals in (Sp
c are precisely the subcategories of the form
where E(m 1 , . . . , m n ) ∈ Sp C p n−1 exists with the stated geometric fixed points, and then set
where q : C p n → C p n−1 is the quotient map. It is not obvious that this spectrum is smashing, but using Proposition 2.2 and the methods of Section 3, we can build a different representative of the same Bousfield class that is manifestly smashing. We do not know if there is a way to construct such spectra that are not split as above -e.g. from M U G directly. However, what follows would show that any such construction produces a smashing G-spectrum, since it would be Bousfield equivalent to the ones we construct. We begin with the case n = 1. 
• LẼ Cp∧i * E(m1) ≃ * , and hence by a general argument (see [4] ), there is a natural homotopy pullback square
Setting X = S 0 , and applying Φ Cp (−), we have a homotopy pullback square
and by the main result of [11] , the right hand map is an equivalence if m 0 ≤ m 1 + 1. 
Proof. We proceed by induction on n, and we may assume n > 1 by the previous proposition. As stated above, it suffices to show there is a spectrum E(m 0 , . . . , m n ) with the property that
for all i. There are 3 cases to check: (i) m 0 = m 1 : By induction, we may assume there is a smashing C p n−1 -spectrum E(m 1 , . . . , m n ) with the stated properties. Let q :
This is a smashing C p n -spectrum as the intersection of smashing ideals is always smashing ([1, Proposition 3.11]), and we have
Since we have assumed n > 1, we can form the smashing C p n -spectrum
and we have Here we have used that ring spectra are retracts of their smash powers and hence determine the same Bousfield class as their smash powers.
Remark 4.6. The statement of the telescope conjecture for Sp G (p) is that the spectra in Theorem 4.5 give a complete list of the smashing spectra in Sp G (p) , up to Bousfield equivalence.
Consequences for Localizations of N ∞ -algebras
The results of Section 3 can also be used to describe the interaction between induced Bousfield localizations and algebras over N ∞ -operads. Let E ∈ Sp G and let Z E denote the nonunital symmetric monoidal coefficient system of E-acyclics. That is, Z E is the contravariant functor from the orbit category O G to nonunital symmetric monoidal categories with values
We now recall the following theorem of Hill-Hopkins [9] and Gutierrez-White [6] sends O-algebras to C 2 k -commutative rings for all n and k.
